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Abstract. In this article, we find the complete list of all contact structures (up to iso- 
topy) on closed three-manifolds which are supported by an open book decomposition 
having planar pages with three (but not less) boundary components. We distinguish 
them by computing their first Chern classes and three dimensional invariants (when- 
ever possible). Among these contact structures we also distinguish tight ones from 
those which are overtwisted. 



1. Introduction 

Let (M, £) be a closed oriented 3-manifold with the contact structure £, and let (S, h) be 
an open book (decomposition) of M which is compatible with £. In this case, we also say 
that (S, h) supports £ (for the definitions of these terms see the next section) . Based on 
Giroux's correspondence theorem (Theorem l2.3|) . two natural questions have been asked 
in lEOl: 



(1) What is the possible minimal page genus 3(5*) =genus(S')? 

(2) What is the possible minimal number of boundary components of a page S with g(S) 
minimal? 

In [EOj . two topological invariants sg(£_) and bn(^) were defined to be the answers. More 
precisely, we have: 

s ff(£) — min{ g(S) | (S 1 , h) an open book decomposition supporting £}, 

called the support genus of £, and 

6n(£) = min{ \dS\ | (S, h) an open book decomposition supporting £ and g(S) — sg(£)}, 

called the binding number of £ . There are some partial results about these invariants. For 
instance, it is proved in [Etlj that if (M, £) is overtwisted, then sg(£) = 0. 

Unlike the overtwisted case, there is not much known yet for sc/(£) if £ is tight. The 
algorithm given in [Arj finds a reasonable upper bound for sg(£) using the given contact 
surgery diagram of £. However, there is no systematic way to obtain actual values of 
sg(£) and bn(£) yet. 
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One of the ways to work on the above questions is to get a complete list of contact 
manifolds corresponding to a fixed support genus and a fixed binding number. To get 
such complete list, we consider all possible monodromy maps h. The first step in this 
direction is the following result given in |EO| . Throughout the paper L(m,n) stands for 
the lens space obtained by —m/n rational surgery on an unknot. 

Theorem 1.1 ( |EO| L Suppose £ is a contact structure on a 3-manifold M that is sup- 
ported by a planar open book (i.e., sg(£) = 0). Then 

(1) If bn(£) = 1, then £ is the standard tight contact structure on S 3 . 

(2) Ifbn(£) — 2 and £ is tight, then £ is the unique tight contact structure on the lens 
space L(m, m — 1) = L(m, —1) for some m G Z + U {0}. 

(3) If bn(£) = 2 and £ is overtwisted then £ is the overtwisted contact structure on 
L(m, 1), for some m £ Z+, with e(£) = and cfa(£) = —\m + | where e(£) and 
^3(0 denotes the Euler class and d% — invariant o/£, respectively. Whenm is even 
then the refinement of e(£) is given by T(£)(s) = ? where s is i/ie unique spin 
structure on L(m, 1) that extends over a two handle attached to a fi with framing 
zero. Here we are thinking of L(m, 1) as —m surgery on an unknot and /1 is the 
meridian to the unknot. 

We remark that Theorem 11.11 gives the complete list of all contact 3- manifolds which can 
be supported by planar open books whose pages have at most 2 boundary components. 
Next step in this direction should be to find all contact 3-manifolds (M, £) such that 
s 3(0 — an d bn(£) = 3. In the present paper, we will get all such contact structures, 
and also distinguish tight ones by looking at the monodromy maps of their corresponding 
open books (See Theorem 11.21 and Theorem 1 1 .3[) . After the preliminary section (Section 
, we prove the main results in Section [3) Although some ideas in the present paper 
have been already given or mentioned in [EOj . we will give their explicit statements and 
proofs in our settings. We finish this section by stating the main results. 

Let S be the compact oriented surface with |<3£| = 3, and consider the boundary parallel 
curves o, b, c in E as in the Figure [TJ Through out the paper, E will always stand for this 
surface whose abstract picture is given below. Let ^4irf(E, 9E) be the group of (isotopy 
classes of) diffeomorphisms of E which restrict to the identity on c?E. (Such diffeomor- 
phisms are automatically orientation- preserving) . 

It is known (see [EI]) that 

Att(E,dE) = Z(D a ) ffi Z(D b ) © Z(D e ) = Z 3 

where D a , Db, D c denote positive Dehn twists along the curves a,b,c given as in Figure 
[T] In the rest of the paper, we will not make any distinction between isotopy classes of 
arcs/curves/maps and the individual arcs/curves/maps. 

We start with studying the group Aut(Y,, <9E) in details. Since generators commute with 
each other, we have that 
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Figure 1. The surface E and the curves giving the generators of Aut(£, SE). 

Aut(E, dE) = {D a p D b q D c r \p,q,r e Z}. 

For any given p,q,r G Z, let Y"(f>, 9, r) denote the smooth 3-manifold given by the smooth 
surgery diagram in Figure [2] (diagram on the left) . It is an easy exercise to check that 
Y{p, q, r) is indeed diffeomorphic to Seifert fibered manifold given in Figure [5] (diagram 
on the right). 




FIGURE 2. Seifert fibered manifold Y(p, q, r). 

Now we state the following theorem characterizing all closed contact 3-manifolds whose 
contact structures supported by open books (E, cf> = D a p Di, q D c r ). 

Theorem 1.2. Let (M, £) be a contact manifold supported by the open book (S, <fi) where 
4> = D a p Db q D c r S Aut{Tl, 9E) for fixed integers p, g, r. Then (-M,£) is contactomorphic 
to (Y(p,q,r),£ Pt q <r ) where ( Pi9jr is the contact structure on Y(p,q,r) given by the contact 
surgery diagram in Figured Moreover, 

(1) £ is tight (in fact holomorphically fillable) if p > 0,q > 0, r > 0, and 

(2) £ is overtwisted otherwise. 

Remark 1.1. In Figure [31 if r = 0, then we completely delete the family corresponding 
to r from the diagram, so we are left with two families of Legendrian curves which do 
not link to each other, and so the contact surgery diagram gives a contact structure on 
the connected sum of two lens spaces. However, if p — (or q — 0), then we replace 
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FIGURE 3. Contact manifold (Y(p,q,r),€ Pi q ir ). 

the Legendrian family corresponding to p (or q) by a single Legendrian unknot with tb 
number equal to —1, and we do (+l)-contact surgery on the new unknot. Note also that 
Figure [3] is symmetric with respect to p and q. This reduces the number of cases in the 
proof of Theorem 11.31 

Of course not all £ Pl9l r have binding number three: 

Theorem 1.3. Let (Af, £) be a closed contact Z-manifold with sg(£) — and bn(£) = 
3. Then (M,£) is contactomorphic to some {Y{p,q,r)^ Ptq>r ) satisfying the following 
conditions: 

(1) If r = 0, then p 1 and q =/= 1. 

(2) If r = 1, then pi {-1,0} and q £ {-1,0}. 

(3) If r = — 1, then p =/= 1 and q ^= 1. 

(4) // \r\>2, thenpq^-1 and(p,q) £ {(1, 0), (0, 1)}. 

Suppose that (M, £) is a closed contact 3-manifold with sg(£) = and bn(£) = 3, and 
let ci = ci(£) £ H 2 (AI;Z) denote the first Chern class, and d% = ds(£) denote the 3- 
dimcnsional invariant (which lies in Q whenever c\ is a torsion class in H 2 (M; Z)). Using 
Ci and <i3, we can distinguish these structures in most of the cases. In fact, we have either 
M is a lens space, or a connected sum of lens spaces, or a Seifert fibered manifold with 
three singular fibers. If one of the first two holds, then using the tables given in Section 
|3] and |U one can get the complete list of all possible (M, £) without any repetition. That 
is, the contact structures in the list are all distinct pairwise and unique up to isotopy. On 
the other hand, if the third holds, we can also study them whenever c\ is a torsion class. 
More discussion will be given in Section [4] 
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2. Preliminaries 

2.1. Contact structures and open book decompositions 

A 1-form a £ fl (M) on a 3-dimensional oriented manifold M is called a contact form 
if it satisfies a A da ^ 0. An oriented contact structure on M is then a hyperplane 
field £ which can be globally written as kernel of a contact 1-form a. We will always 
assume that £ is a positive contact structure, that is, aAda > 0. Two contact structures 
£o,£;i on a 3-manifold are said to be isotopic if there exists a 1-parameter family £ t 
(0 < t < 1) of contact structures joining them. We say that two contact 3-manifolds 
(Mi,£i) and (M 2 ,^2) are contactomorphic if there exists a diffeomorphism / : Mi — > M 2 
such that /*(£i) = £2- Note that isotopic contact structures give contactomorphic contact 
manifolds by Gray's Theorem. Any contact 3-manifold is locally contactomorphic to 
(R 3 ,£o) where standard contact structure £0 on K 3 with coordinates (x,y,z) is given 
as the kernel of ao — dz + xdy. The standard contact structure £ st on the 3-sphere 
S 3 = {(r 1 ,r 2 ,0i,8 2 ) : r\ + r\ = 1} C C 2 is given as the kernel of a st = r\dB\ + r 2 d9 2 . 
One basic fact is that (R 3 ,£o) is contactomorphic to (S 3 \ {pt},£, s t)- For more details on 
contact geometry, we refer the reader to |Gej . |Et3j . 

An open book decomposition of a closed 3-manifold M is a pair (L, /) where L is an 
oriented link in M, called the binding, and / : M \ L — > S 1 is a fibration such that 
is the interior of a compact oriented surface St C M and dY. t — L for all t <G S 1 . The 
surface S — St, for any £, is called the page of the open book. The monodromy of an open 
book (L, /) is given by the return map of a flow transverse to the pages (all diffcomorphic 
to S) and meridional near the binding, which is an element h € Aut(S, dS), the group 
of (isotopy classes of) diffeomorphisms of S which restrict to the identity on dS . The 
group Aut(S, dS) is also said to be the mapping class group of S, and denoted by T(S). 

An open book can also be described as follows. First consider the mapping torus 

S(h) = [0,1] x S/(l,x) - (0,h(x)) 

where S is a compact oriented surface with n — \dS\ boundary components and h is an 
element of Aut(S, dS) as above. Since h is the identity map on dS, the boundary dS(h) 
of the mapping torus S(h) can be canonically identified with n copies of T 2 = S 1 x S 1 , 
where the first S 1 factor is identified with [0, l]/(0 ~ 1) and the second one comes from 
a component of dS. Now we glue in n copies of D 2 x S 1 to cap off S(h) so that dD 2 
is identified with S 1 = [0, l]/(0 ~ 1) and the S 1 factor in D 2 x S 1 is identified with a 
boundary component of dS. Thus we get a closed 3-manifold 

M = M {s ,h) ■= S{h) U„ D 2 x 5 1 

eguipped with an open book decomposition (S, h) whose binding is the union of the core 
circles in the D 2 x S^'s that we glue to S(h) to obtain M. See |Gdj . |Et2j for details. 
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2.2. Legendrian knots and contact surgery 

A Legendrian knot K in a contact 3-manifold (JVf, £) is a knot that is everywhere tangent to 
£ . Any Legendrian knot comes with a canonical contact framing (or Thurston- Bennequin 
framing), which is defined by a vector field along if that is transverse to £. We call (M, £) 
(or just £) overtwisted if it contains an embedded disc D w Z3 2 C M with boundary 
<9-D S* 1 a Legendrian knot whose contact framing equals the framing it receives from 
the disc D. If no such disc exists, the contact structure £ is called tight. Also if a contact 
3-manifold [M, £) is the boundary of a Stein manifold (resp. a symplectic manifold) with 
certain compatibility conditions satisfied, then £ is called Stein (holomorphically) fillable 
(resp. symplectically fillable). See |Et2j or [OS] for the complete definitions of Suability, 
and related facts. We will use the following fact later. 

Theorem 2.1 ([EG]). Any symplectically fillable contact structure is tight. 
( Any holomorphically fillable contact structure is tight. ) 

For any p, q G Z, a contact (r)-surgery (r = p/q) along a Legendrian knot K in a contact 
manifold (M, £) was first described in [DGj . It was proved in [Ho] that if r = 1/fc with 
€ Z, then the resulting contact structure is unique up to isotopy. In particular, a 
contact ±l-surgery along a Legendrian knot if on a contact manifold (M, £) determines 
a unique surgered contact manifold which will be denoted by (M,£)(k,±i)- 

The most general result along these lines is: 

Theorem 2.2 ( |DG| ). Every closed contact 3-manifold (M,£) can be obtained via contact 
(±l)-surgery on a Legendrian link in (S' 3 ,^ s t). 

Any closed contact 3-manifold (M, £) can be described by a contact surgery diagram 
drawn in (R 3 ,^ ) C (5' 3 ,^ st ). By Theorem 12. 2[ there is a contact surgery diagram for 
(M, £) such that the contact surgery coefficient of any Legendrian knot in the diagram is 
±1. For any oriented Legendrian knot K in (R 3 , £o), we compute the Thurston- Bennequin 
number tb(K), and the rotation number rot(K) as 

tb(K) = bb(K) - (# of left cusps of K), 
rot(K) = — [(# of downward cusps) — (f/= of upward cusps)] 
where bb(K) is the blackboard framing of K. 

If a contact surgery diagram for {M, £) is given, we can also get the smooth surgery 
diagram for the underlying 3-manifold M. Indeed, for a Legendrian knot if in a contact 
surgery diagram, we have: 

Smooth surgery coefficient of K = Contact surgery coefficient of K + tb(K) 

For more details see [OS] and [Gmj . 
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2.3. Compatibility and stabilization 

A contact structure £ on a 3-manifold M is said to be supported by an open book (L, f) 
if £ is isotopic to a contact structure given by a 1-form a such that 

(1) da is a positive area form on each page S « / _1 (pt) of the open book and 

(2) a > on L (Recall that L and the pages are oriented.) 

When this holds, we also say that the open book (L, f) is compatible with the contact 
structure £ on M. 

Definition 2.1. A positive (resp., negative) stabilization S^-(S,h) (resp., Sj^(S,h)) of 
an abstract open book (S, h) is the open book 

(1) with page S' — S U 1-handle and 

(2) monodromy hi = ho Dk (resp., hi = ho D K V ) where Dk is a right-handed Dehn 
twist along a curve K in S' that intersects the co-core of the 1-handle exactly 
once. 

Based on the result of Thurston and Winkelnkemper [TW] which introduced open books 
into the contact geometry, Giroux proved the following theorem strengthening the link 
between open books and contact structures. 

Theorem 2.3 ( |Gij ). Let M be a closed oriented 3-manifold. Then there is a one-to-one 
correspondence between oriented contact structures on M up to isotopy and open book 
decompositions of M up to positive stabilizations: Two contact structures supported by 
the same open book are isotopic, and two open books supporting the same contact structure 
have a common positive stabilization. 

Following fact was first implied in [LP) , and then in |AOj . The given version below is due 
to Giroux and Matveyev. For a proof, see |OSj . 

Theorem 2.4. A contact structure £ on M is holomorphically fillable if and only if £ is 
supported by some open book whose monodromy admits a factorization into positive Dehn 
twists only. 

For a given fixed open book (S, h) of a 3-manifold M , there exists a unique compatible 
contact structure up to isotopy on M = MigM by Theorem 12.31 We will denote this 
contact structure by £(g,w- Therefore, an open book (S, h) determines a unique contact 
manifold (Mrs,h)i€(S,h)) U P to contactomorphism. 

Taking a positive stabilization of (S, h) is actually taking a special Murasugi sum of (S, h) 
with the positive Hopf band (H + , _D 7 ) where 7 C H + is the core circle. Taking a Murasugi 
sum of two open books corresponds to taking the connect sum of 3-manifolds associated 
to the open books. The proofs of the following facts can be found in [Gdj . |Et2j . 

Theorem 2.5. (M s + (Sth) ,Cs+ (s,h)) = ( M (s,h), £(5,/ l ))#(^ 3 , U) = (M (s ,h),Z(S,h))- 
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Theorem 2.6. Let (S,h) be an open book supporting the contact manifold (M,£). If K 
is a Legendrian knot on the page S of the open book, then 

(Af,0(Jf,±l) = ( M (S,hoDl)^(S.hoDl))- 

2.4. Homotopy invariants of contact structures 

The set of oriented 2— plane fields on a given 3-manifold M is identified with the space 
Vect(M) of nonzero vector fields on M. v\,V2 6 Vect(M) are called homologous (denoted 
by vi ~ V2) if vi is homotopic to V2 in M \ B for some 3— ball B in M. The space 
Spin c (M) of all spin c structures on M is the defined to be the quotient space Vect(M)/ ~. 
Therefore, any contact structure £ on M defines a spin c structure G Spin c (M) which 
depends only on the homotopy class of £. As the first invariant of £, we will use the 
first Chern class Ci(£) G H 2 (M;Z) (considering £ as a complex line bundle on M). For 
a spin c structure 7£, whose first Chern class ci(r^)(:= ci(£)) is torsion, the obstruction 
to homotopy of two 2-plane fields (contact structures) both inducing t£ can be captured 
by a single number. This obstruction is the 3- dimensional invariant c?3 (^) of £). To 
compute ds(^), suppose that a compact almost complex 4-manifold (X, J) is given such 
that dX = M, and £ is the complex tangencies in TM, i.e., £ = TM n J(TM). Let 
a(X),x(X) denote the signature and Euler characteristic of X, respectively. Then we 
have 

Theorem 2.7 ( |Gmj ). 7/ci(£) is a torsion class, then the rational number 

d^) = \{cl{X,J)-MX)-2 X {X)) 

is an invariant of the homotopy type of the 2-plane field £. Moreover, two 2-plane fields 
£1 and £2 with tj x = r^ 2 and ci(t^ 4 ) = ci(£j) a torsion class are homotopic if and only if 

d 3 (e0 = ds(6). ~ ^ ' □ 

As a result of this fact, if (M, £) is given by a contact ±l-surgery on a link, then we have 

Corollary 2.8 ( DGSJ). Suppose that (M, £), with Ci(£) torsion, is given by a contact 
(±l)-surgery on a Legendrian link L C (S' 3 ,£ S i) tb(K) ^ /or eac/i JfcL on which 
we perform contact (+l)-surgery. Let X be a 4-manifold such that dX = M . Then 

ds(0 = \(c 2 'MX)~2 X (X))+s, 

where s denotes the number of components in L on which we perform (+1) -surgery, and 
c G B 2 (X:%) is the cohomology class determined by c(E^) = rot(K) for each K C L, 
and [Xjf] is </ie homology class in H2{X) obtained by gluing the Seifert surface of K with 
the core disc of the 2-handle corresponding K . 

We use the above formula as follows: Suppose L has k components. Write L = U,- fc iQ. 
By converting all contact surgery coefficients to the topological ones, and smoothing each 
cusp in the diagram, we get a framed link (call it L again) describing a simply connected 
4-manifold X such that dX = M . Using this description, we compute 
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X (X) = 1 + k, and <r{X) = <j{A l ) 
where At is the linking matrix of L. Using the duality, the number c 2 is computed as 

c 2 = (PD(c)) 2 = [h b 2 ■ ■ ■ b k ]Mh b 2 ■ ■ ■ b k ] T 
where PD(c) £ H2(X, dX; Z) is the Poincare dual of c, the row matrix [bi 62 • • • bk) is the 
unique solution to the linear system 

Mh h ■ ■ ■ b k } T = [rot(Ki) rot{K 2 ) ■ ■ ■ rot{K k )] T . 
Here the superscript "T" denotes the transpose operation in the space of matrices. See 
[DGSj . |Gm] for more details. 

2.5. Right- veering diffeomorphisms 

For a given compact oriented surface S with nonempty boundary dS, let Dehn + (S, dS) C 
Aut(S,dS) be the submonoid of product of all positive Dehn twists. In 1 1 KM . another 
submonoid Veer(S, dS) of all right-veering elements in Aut(S, dS) was introduced and 
studied. They defined right-veering elements of Aut(S, dS) as follows: Let a and (3 be 
isotopy classes (relative to the endpoints) of properly embedded oriented arcs [0, 1] — > S 
with a common initial point a(0) = 0(0) = x G dS. Let 7r : S — > S be the universal cover 
of S (the interior of S will always be M 2 since S has at least one boundary component), 
and let x £ dS be a lift of a; £ dS. Take lifts a and [3 of a and [3 with 5(0) = ,5(0) = x. 
a divides S into two regions - the region "to the left" (where the boundary orientation 
induced from the region coincides with the orientation on a) and the region "to the right" . 
We say that (3 is to the right of a if either a = (3 (and hence a(l) = f3(l)), or (3(1) is in 
the region to the right (see Figure [3}. 



&(1) 13(1) 




a(0) = x = j3(0) 



Figure 4. Lifts of a and f3 in the universal cover S. 

Alternatively, isotop a and (3, while fixing their endpoints, so that they intersect trans- 
versely (this include the endpoints) and with the fewest possible number of intersections. 
Assume that a ^ (3. Then in the universal cover S, a and (3 will meet only at i. If not, 
subarcs of a and (3 would cobound a disk D in S, and we could use an innermost disk 
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argument on n(D) C S to reduce the number of intersections of a and (3 by isotopy. Then 
f3 is to the right of a if int(fl) lies in the region to the right. As an alternative to passing 
to the universal cover, we simply check to see if the tangent vectors (0(0), a(0)) define 
the orientation on S at x. 

Definition 2.2. Let h : S — > S be a diffeomorphism that restricts to the identity map on 
dS. Let a be a properly embedded oriented arc starting at a basepoint x G dS. Then h is 
right-veering (that is, h £ Vee^S 1 , 95 1 )) if for every choice of basepoint x G dS and every 
choice of a based at x, h(a) is to the right of a (at x). If C is a boundary component 
of S, we say is h is right-veering with respect to C if /i(a) is to the right of a for all a 
starting at a point on C . 

It turns out that Veer(S,dS) is a submonoid and we have the inclusions: 

Dehn+(S,dS) C Veer(S,dS) C Aut{S,8S). 

In [HKMj . they proved the following theorem which is hard to use but still can be used 
to distinguish tight structure in some cases. 

Theorem 2.9 ( HKM]). A contact structure (M, £) is tight if and only if all of its com- 
patible open book decompositions (S, h) have right-veering h G Veer(S, dS) C Aut{S 1 dS). 

3. The proofs of results 

We first prove that the submonoids De/m + (£, 9£) and Veer("E, 9S) are actually the same 
in our particular case. 

Lemma 3.1. Dehn + (£, <9£) = T^eer(S,9S) /or £/ie surface E given in Figure^ 

Proof. The inclusion Dehn + {S, dS) C Feer(S', is true for a general compact oriented 
surface S with boundary (see Lemma 2.5. in [HKMJ for the proof). Now, suppose that 
4> G Veer(Yj : <9£) C Au£(£, 9E). Then we can write cj> in the form 

4> = D a p D b q D c r for some p,q,r G Z. 

We will show that p > 0, q > 0, r > 0. Consider the properly embedded arc a C E one 
of whose end points is x G dT, as shown in the Figure Note that, for any p, q,r G Z, 
Z) c r fixes a, and also any image D a p Db q (a) of a because c does not intersect any of these 
arcs. Assume at least one of p, q, or r is strictly negative. First assume that p < 0. 
Then consider two possible different images 4>{a) = D a p Db q (a) of a corresponding to 
whether q < or q > (See Figure 0- Since we are not allowed to rotate any boundary 
component, clearly 4>(a) is to the left of a at the boundary point x. Equivalently, 0(a) 
is not to the right of a at a; which implies that h is not right-veering with respect to the 
boundary component parallel to a. Therefore, <f> £ Veerill, 9E) which is a contradiction. 
Now by symmetry, we are also done for the case q < 0. Finally, exactly the same argument 
(with a different choice of arc one of whose end points is on the boundary component 
parallel to the curve c) will work for the case when r < 0. □ 
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Lemma 3.2. Let (M,£) be a contact manifold. Assume that £ is supported by 
where <f> 6 Aut(E, <9£). Then £ is tight if and only if £ is holomorpfically fillable. 

Proof. Assume that £ is tight. Since 4> £ Aut(E, 9E), there exists integers p,q,r such 
that = D a p Df, q D c r . As £ is tight, the monodromy of any open book supporting £ 
is right-veering by Theorem 12.91 In particular, we have <j> 6 Veer(£, 9S) since (S, 0) 
supports £. Therefore, G De/m + (E, c?E) by Lemma [3.11 and so p > 0, q > 0, r > 0. 
Thus, £ is holomorphically fillable by Theorem 12.41 Converse statement is a consequence 
of Theorem O □ 

Now, the following corollary of Lemma 13.21 is immediate: 

Corollary 3.3. Let (M, £) be a contact manifold. Assume that £ is supported by (£, <fi) 
where ef> 6 Aui(E,(9£). Then 

£ is ^£ (j) = D a p D b q D c r with p>0,q>0,r>0. □ 

Proof of Theorem \1.SX Let (M, £) be a contact manifold supported by the open book 
(S, (t> p>q ,r) where p , g , r = D a p D b q D c r e Aui(E, 9E) for p,q,r € Z. As explained in [EOj . 
(M,£) = (Af (E)?ij>iSir ),£( Si<? i Pig ,.)) i s giv en by the co ntact surgery diagram in FigureH Then 
we apply the algorithm given in |DG] and [DGSJ to convert each rational coefficient into 
±l's, and obtain the diagram given in Figure [3] 

To determine the topological (or smooth) type of (M, £) , we start with the diagram in 
Figure [3l Then by converting the contact surgery coefficients into the smooth surgery 
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Figure 6. Contact surgery diagram corresponding to (£, 4> P: q : r)- 




Figure 7. Smooth surgery diagram corresponding to Figure [3l 

coefficients, we get the corresponding smooth surgery diagram in Figure [7J where each 
curve is an unknot. 

Now we modify this diagram using a sequence of blow-ups and blow-downs. These op- 
erations do not change smooth type of M. We first blow up the diagram twice so that 
we unlink two —1 twists. Then we blow down each unknot in the most left and the 
most right families. Finally we blow down each unknot of the family in the middle. We 
illustrate these operations in Figure [5] To keep track the surgery framings, we note that 
each blow-up increases the framing of any unknot by 1 if the unknot passes through the 
corresponding twist box in Figure [Jj So we get the first diagram in Figure [8] Blowing 
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|r| copies of unknots 

Figure 8. Squence of blow-ups and blow-downs. 

each member down on the left (resp. right) decreases the framing of the left (resp. right) 
+l-unknot by — A (resp. — Since there are \p\ — j^j blow-downs on the left and 
| | — T?T blow-downs on the right, we get the second diagram in Figured] Finally, if we 
blow down each (— )-unknot in the middle family, we get the last diagram. Note that 
each blow-down decreases the framing by — pr, and introduces a pr full twist. Hence, we 
showed that (M, £) is contactomorphic to (Y(p, q, r), £p,q,r)- The statements (1) and (2) 
are the consequences of Corollary 13.31 □ 

We now examine the special case where Y(p,q,r) is homeomorphic to 3-sphere S 3 . The 
following lemma lists all planar contact structures on S 3 with binding number less than 
or equal to three. 
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Lemma 3.4. Suppose that (Y(p,q,r),£,p^^ r ) is contactomorphic to (S 3 ,£,) for some con- 
tact structure £ on S 3 . Then Table]]] lists all possible values of {jp,q,r) ; the corresponding 
£ (in terms of the d^-invariant) , and its binding number. 



r 


P 


q 


da(0 


bn(0 


-3 


-2 


l 


-1/2 


3 


-2 


-3 


l 


-1/2 


3 


-1 


1 


any q 


1/2 


2 


-1 


3 


2 


3/2 


3 





1 


1 


-1/2 (tight) 


1 





-1 


-1 


3/2 


3 





1 


-1 


1/2 


2 


1 





1 


-1/2 (tight) 


1 


1 


-1 


any q 


1/2 


2 


1 


-2 


-3 


-1/2 


3 


2 


3 


-1 


3/2 


3 


3 


2 


-1 


3/2 


3 


\r\ > 2 


1 


-1 


1/2 


2 



Table 1. All planar contact structures on S 3 with binding number < 3. 



Proof. The proof is the direct consequence of the discussion given in the proof of Lemma 
5.5 in |EOj . We remark that the interchanging p and q does not affect the contact structure 
in Figure [31 so we do not list the possibilities for (p, q, r) that differ by switching p and 
q. Note that in Table [1] there are only two contact structures (up to isotopy) on S 3 with 
binding number 3, namely, the ones with (^-invariants —1/2 and 3/2. □ 

Proof of Theorem \1.3[ We will use the results of Theorem 11.11 Theorem 11.21 and 
Lemma [3.41 Consider the 3-sphere S 3 in Theorem 11.11 as the lens space L(l, ±1). By 
Theorem 11.11 for any contact manifold (Y, rj) with sg(rj) = and bn(ji) < 2, we have 
either 

(1) (Y, V )^(S\U)Xbn(ri) = l, 

(2) (Y, rf) = (L(m, —1), rj m ) for some m > 2 if bn(n) = 2, and i] is tight, 

(3) (Y,tj) = (L(m, 1), 77 TO ) for some m > if bn(j]) = 2, and r\ is overtwisted (for 
m ^ 0). 
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where rj m is the contact structure on the lens space L(m,—l) (or L(m, 1)) given by 
the contact surgery diagram consisting of a single family of Legendrian unknots (with 
Thurston-Benequen number —1) such that each member links all the other members of 
the family once, and each contact surgery coefficient is —1 (if r\ m is tight) or +1 (if r\ m is 
overtwisted) . These are illustrated by the diagrams (*) and (*) in Figure respectively. 
Notice the exceptional cases: m = 1 in (*), and m = in (*). 




{Y,r,) S (L(m,-l),T) m ) (Y,r,) S (L(m, 1), Vm ) 

r\ m always tight, m > 1 r\ m overtwisted if m > 1 

m = 1 => empty diagram r] m tight if m = 



Figure 9. Contact surgery diagrams for (Y, 77). 



Now, if (M, £) is a contact manifold with sg(£) — and bn(£) — 3, then by the definitions 
of these invariants there exists an open book (£, <j>) supporting £. Therefore, by Theorem 
11.21 (M,£) is contactomorphic to Q^(p, <7, r), £p,g,r) for some p, g,r e Z, and the contact 
surgery diagram of ^ is given in Figure [3] However, p, r can not be arbitrary integers 
because there are several cases where the diagram in Figure [3] reduces to either (*) or (★) 
in Figure [5] for some m. So for those values of p, q, r, (M,£) can not be contactomorphic 
to (Y(p, q, r),£ Pt q tr ) = (Y,ri) because bn(£) = 3 ^ 2 > bn{if). Therefore, we have to 
determine those cases. 

If \p I > 2 and \q\ > 2, then the only triples (p, q, r) giving L(m, ±l)'s are (—2, q, 1) and 
(2, q, —1). Furthermore, if we assume also that \r\ > 1, then the Seifert fibered manifolds 
Y(p, q, r) are not homeomorphic to even a lens space L(m, n) for any m, n (for instance, 
see Chapter 5 in [Or]). As a result, we immediately obtain bn{^ p q r ) = 3 for \p \ > 2 
and \q\ > 2 and \r\ > 2. Therefore, to finish the proof of the theorem, it is enough to 
analyze the cases where \p \ < 2 or \q\ < 2, and the cases (—2, q, 1) and (2, q, —1) for any 
q. As we remarked before, we do not need to list the possibilities for (p, q, r) that differ 
by switching p and q. We first consider r = 0, ±1, ±2, and then the cases r > 2 and 
r < —2. In Table [2] -0 we list all possible (M, £) for each of these cases. 

Remark 3.1. To determine the binding number bn(£) in any row of any table below, we 
simply first check the topological type of the manifold under consideration. If M ss S 3 , 
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we determine the corresponding binding number using Table [TJ If the topological type is 
not L(m, 1) or L(m, —1), then we immediately get that bn(£) — 3. If M w L(m, 1) with 
to > 1, then we first compute ci(£). If ci(£) ^ 0, then 6n(£) = 3 as Ci(r] m ) = for any ?7 m 
given above. If ci(£)=0, we compute the g?3(£) using the 4-manifold defined by the surgery 
diagram in FigureJT] (Indeed, we can use the formula for d,3 given in Corollarv l2.8l as long 
as Ci(£) is torsion. In particular, whenever H 2 (M) is finite, then d,3 is computable). Then 
if d 3 (£) = d 3 (r) m ) — (—to + 3)/4, then £ is isotopic to r] m which implies that bn(^) = 2 
by Theorcm ll.il Otherwise 6n(£) = 3. In the case that M « L(to, —1) with to > 1, we 
first ask if £ is tight. If it is tight (which is the case if and only if p > 0, q > 0, r > 0), 
then bn(£) — 2 (again by Theorem II. ip since the tight structure on L(m, — 1) is unique 
(upto isotopy) . If it is overtwisted (which is the case if and only if at least one of p, q, r 
is negative), then bn(£) — 3 because £ is not covered in Thcorcm ll.il As a final remark, 
sometimes the contact structure £ can be viewed as a positive stabilization of some r\ m . 
For these cases we immediately obtain that = 2 because positive stabilizations do 

not change the isotopy classes of contact structures. 

To compute the e^-invariant of £p l9l r (for ci(£ Pi g jr ) torsion), we will use the (n + 1) x (n + 1) 
matrices A n (n > 1), B n (n > 1), and C„ (n > 4) given below. It is a standard exercise 
to check that 

(1) a{A n ) = n - 1 if n > 1, and a{C n ) = n - 1 if n > 4. 

(2) cr(S„) = n - 3 if n > 3, and ct(B„) = if n = 1, 2. 



(3) The system A n \b]J l+1 



[bi b 2 



[0]n+l 



0lj l+1 has trivial solution [b]„. 



where 



[0 • ■ • 0] are (n + I) x 1 row matrices. 



A 



-1 -1 
-1 -1 

-1 -1 ' . 
-1 -1- • 



. . -1 
. . -1 

-1 
-1 



B. 



-1 -1 
-1 -1 

-1 -1 ' . 
-1-1- • 



. . -1 
. . -1 

-1 

-1 -2 



o -1 -1 
-1 o -1 

-l -l ' . 
-l -l • • 



-i 



-1 
-1 2 



In some cases, A n appears (as a block matrix) in the linking matrix £p, 9 ,r of the framed 
link L Pj ,j jT . given in Figure [7] On the other hand, B n and C n are very handy when we 
diagonalize £p,q, r to find its signature. As we discussed before, the link IL Pj( j jr defines a 
4-manifold X p ^ q ^ r with dX = M. So we have 

(f(Xp.q,r) — &(£p,q,r ) , 

x{X p q r ) = 1 + (# of components of L p q r ), 
c d ' = [b]kC p , q Ab]l 
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where [b]J is the solution to the linear system £p,o,r[b]fc = [rot(Ki) rot(K2) ■ ■ ■ rot(Kk)\ T 
with K\, K2, ■ ■ ■ Kk being the components of L p .q.,.. 

To compute the first Chern class ci(£ p , g , r ) 6 H 2 (M), note that in Figure [3l the rotation 
number of any member in the family corresponding to r is ±1 (depending on how we 
orient them). We will always orient them so that their rotation numbers are all +1. On 
the other hand, the rotation number is for any member in the family corresponding to 
p and q. Therefore, ci(£ Pir?iI .) = PD^ 1 (fii + \X2 + ■ •• + H\ r \) where \i{ S H\(M) is the 
class of the meridian of the Legendrian knot Ki in the family corresponding to r. Then 
we compute Hi(M) (which is isomorphic to H 2 (M) by Poincare duality) as 

Hi(M) = ( fjH,H2,--- A>,9,rMfe = Ml ) 

where \p]h = \p\ /12 • • • A*fe] i s the k x 1 row matrix. The final step is to understand 
PD{ci{^ p q r )) = + fi2 + • • • + H\r\ in this presentation of H\(M). 



r 


P 


Q 


resulting M 


bn(0 


diagram for £ 


Cl (Oe# 2 (M) 







-1 


-1 


S 3 


3 


Figure 3 


0G{0} 


3/2 





-1 





S^S 1 x S 2 


3 


Figure 3 


e z 


1 





-1 


1 


s 3 


2 


(★) m = 1 


6{0} 


1/2 





-1 


q > 2 


S 3 #L(q,-l) 


3 


Figure 3 


06Z, 


(g + l)/4 





-1 


q < -2 


S S #L(\q\,l) 


3 


Figure 3 


e Z,,| 


(-M + 7)/4 











fS 1 x S 2 


3 


Figure 3 


e Z(bz 


1/2 








1 


S 1 x 5 2 #5 3 


2 


(*) TO = 


e z 











q > 2 


S 1 xS 2 #L(q,-l) 


3 


Figure 3 


OeZffiZ, 


(g-i)/4 








q<-2 


S 1 x 5* 2 #i(|g|,l) 


3 


Figure 3 


ezez^ 


(-|?| + 5)/4 





1 


1 


S 3 


1 


(*) TO = 1 


0G{0} 


-1/2 





1 


q > 2 


S 3 #L(q,-l) 


2 


(*) to = q 


06Z, 


(g-3)/4 





1 


q<-2 


s 3 #H\q\A) 


2 


(*) TO = |q| 


6 Z,,| 


(~l«l+3)/4 



Table 2. The case r = (\p \ < 2 or \q\ < 2). 



In Table [2j we need to compute the binding number bn(£) for the rows 5, 12. For the 
other rows, see Remark I3TJ 



If p = — l,q < — 2,r = 0, we need to compute ^3(^1^,0) as Ci(£_i >g! o) = 0: We have 

Ax 



£-1,0,0 — 



A H+1 
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The contact structure £_ i,q,0i an( l ^-l.q.o describing X-i^o & re given in Figure [TOl We 
compute that s = \q\+3, c 2 = 0, xP^-1,9,0) = M+4, and cr(X_i )9j o) = cr(Ai)+cr(A| g |) = 
0+|g|-l = \q\-l, and so we obtain d 3 (£_i 1?1 o) = (-|g[+7)/4by Corollarvl2~^l Therefore, 
£-i,g,o is not isotopic to n q \ as c?3 (77 1 3 1 ) = (— \q\ + 3)/4. Hence, bn(^-i. q .o) = 3 for any 
q < —2 by Theorem ll.il 




Figure 10. (a) The contact structure £-1,9,0 on S 3 #L(\q\, 1) w 1), 
(b) The corresponding framed link L-i^q. 



• If p= l,q < — 2,r = 0, we have (E,4>i, q ,o) — S^(H + ,D^) (recall the identification of 
£ and the curves a, 6, c in Figure [lj. Therefore, £i, g ,o — V\q\ since (H + , D?) supports the 
overtwisted structure 77^ on L(\q\, 1). Hence, bn(£i, g ,o) = 2 for q < —2. 

In Table [3l we need to compute the binding number bn(£) for the rows 1 and 9. For the 
other rows, see Remark 13. II 

• If p = —2,q < —4,?' = 1, let Ki's be the components (with the given orientations) of 

2,9,1 as in Figure [TT] Then we obtain the linking matrix 

/ -3 -1 -1 -1 -1 •■■ -1 \ 

-1 0-1-1 •■• 

-1 -1 0-1 ■•• 

-1 -1-1 ••• 

-10 



2,9,1 



.4 



kl 



V -1 
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r 


P 


q 


resulting M 


HO 


diagram for £ 


ci(0 e # 2 (M) 


d 3 (0 


I 


_2 


a < -4 


L(\q + 2\A) 


3 




Ifll — 4 <= Zi i o 


-<J 2 -7g-14 
-4g-8 


1 


-2 


-3 


S" 3 


3 


Figure 3 


Oe {0} 


-1/2 


1 


-2 


-2 


S 1 x S 2 


3 


Figure 3 


-2 g z 




1 


-2 


g > 2 


£(« + 2,-l) 


3 


Figure 3 


g g z 9+2 


<j 2 +<j+2 
4(j+8 


1 


-1 


ciny q 1 


S 3 


2 


(*) m = 1 


Oe {0} 


1/2 


1 








S 1 x S 2 


2 


(★) TO = 


G Z 





1 





1 


S 3 


1 


(*) TO = 1 


0£{0} 


-1/2 


1 





q > 2 


£(?,-!) 


2 


(*) to = q 


Oez, 


(9-3)/4 


1 





<?<-! 


i(M,i) 


2 


(*) "» = M 


G Z,,| 


(-M+3J/4 


1 


1 


-2 


L(3,-l) 


3 


Figure 3 


1 6 Z 3 


1/3 


1 


1 


1 


£(3,1) 


3 


Figure 3 


1 G Z 3 


-1/3 


1 


1 


9 < -3 


L(2g+l,-g-l) 


3 


Figure 3 


kl - 1 G Z 2 | 9 |_i 


-<j 2 -4g-2 
-4g-2 


1 


1 


g > 2 


L(2«+l,-g-l) 


3 


Figure 3 


9 + 1 G Z 2lJ+ i 


g 2 -2g-l 
4g+2 



Table 3. The case r = 1, |p | < 2 or |g| < 2 (and the case (p, g, r) = (-2, g, 1)). 




Figure 11. (a) The overtwisted contact structure £-2,g,i on L(|g+2|, 1), 
(b) The corresponding framed link L_2, 9 ,i. 
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It is not hard to see that 

Hi(M) = ( /il,M2,' •• .M|g|+5l £-2,j,lMf,|+B = i°]fq\+5 > = ( Ma| 2)^2 = } = Z| 9 |_ 2 , 

and /ii = (\q\ — 4)^ 2 - Therefore, 

ci(£-a, a ,i) = PD- 1 ^) = PD-\\q\ - 4)^ = |g| - 4 e Z M _ 2 . 

Thus, if q < —4, then £-2,9,1 is not isotopic to ?7| 9 +2| as c i( 7 7|g+2|) = implying that 
bn(£-2,q,i) — 3 by Theorem 11.11 If q = —4, we compute that ^(C— 2,-4,1) = —1/4 7^ 
1/4 = d 3 (m), so 6n(^_2,-4,i) = 3 - 

• If p = 0,q < — 1, r = 1, we have (£, 0o,g,i) = S+(H + , D^) (again recall the identification 
of £ and the curves a,b,c in Figure [1]). Therefore, £0,9,1 — V\q\ since (H + ,Dl) supports 
the overtwisted structure r)\ q \ on L(\q\, 1). Hence, &^(£o,g,i) = 2 for 5 < 0. 



r 


P 


q 


resulting M 


bn(0 


diagram for £ 


Cl (0 £H 2 (M) 


ds(0 


-1 


2 


q > 4 


L(g-2,-l) 


3 


Figure 3 


q - 4 G 7L q -2 


-g 2 +3g-6 
-4 9 +8 


-1 


2 


3 


S 3 


3 


Figure 3 


0£{0} 


3/2 


-1 


2 


2 


S 1 x 5 2 


3 


Figure 3 


-2 G Z 


£ <2 


-1 


2 


q <-2 


£(l«-2|,l) 


3 


Figure 3 


M € Z|g| +2 


-q 2 -3q+6 
-4 9 +8 


-1 


1 


any g 


S 3 


2 


(*) m = 1 


6{0} 


1/2 


-1 








S 1 x S 2 


3 


Figure 3 


G Z 


1 


-1 





-1 


S 3 


3 


Figure 3 


6{0} 


3/2 


-1 





g> 1 


L(q,-1) 


3 


Figure 3 


G 7L q 


(9 + l)/4 


-1 





q<-l 


L(\q\A) 


3 


Figure 3 


G Z|,| 


(-M + 7)/4 


-1 


-1 


-1 


L(3,-l) 


3 


Figure 3 


1 G Z 3 


4/3 


-1 


-1 


2 


£(3,1) 


3 


Figure 3 


1 G Z 3 


2/3 


-1 


-1 


q <-2 


L(-2« + 1, -g + 1) 


3 


Figure 3 


M + 1 G Z 2 | 9 | + i 


-g 2 -6g+3 
-4g+2 


-1 


-1 


q > 3 


L(-2q+l,-q + l) 


3 


Figure 3 


Q - 1 G Z 2(J _i 


— 4g+2 



Table 4. The case r = — 1, \p \ < 2 or \q\ < 2 (and the case (p, q, r) = (2, q, -1)) 



In Table [4J we need to determine the binding number 6n(£) for the rows 4, 7, 9, and 11. 
For the other rows, see Remark 13. II 
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• If p — 2, q < —2, r = — 1, then using the corresponding matrix £2,9,-1, we have 
H t (M) = (/ii,/x 2 ,--- ,/i k | +3 | £3,,,-iM^ - [0]m+3> = (M2I (M+2)/i 2 = 0) SZ,,, +2> 
and /ii = \q\^2- Therefore, 

ci(e 2 , 9 ,-i) - PD- 1 ^) = PD-\\q\» 2 ) = \q\ S Z, 9 | +2 . 

Thus, if g < —2, then £2,9,-1 is not isotopic to a s c\{v\q-2\) — implying that 

bn(&,q,-i) = 3 by TheoremO 

• If p = 0, q < — l,r = —1 (the rows 7 or 9), then ci (£0,9,-1) = and so we need to 
compute c?3(£o, 9, -i)- Let Ki's be the components of L 0i?i _i as in Figure IT21 Then 

■•■ \ 

1 




/ 

By diagonalizing the first two rows of £0,9,-1, we obtain the matrix on the right. So 
er(£o,g,-i) = cr(^4|q| ) = \q\ — 1. The contact surgery diagram for Co, 9,-1 and the corre- 
sponding 4-manifold X , g ,-i (with dX ^ q _i = M) are given in Figure fT2l 




FIGURE 12. (a) The overtwisted contact structure £0,9,-1 on L{\q\,l), 
(b) The corresponding framed link Lo, 9 ,-i. 



Then the system £0,9,-1 [b] T = [roi(i^i) rot(K 2 ) ■ ■ ■ rot(K {ql+3 )} T = [1 • • • 0] T has the 
solution [b] = [0 — 1 • ■ • 0], and so c 2 = 0. Moreover, x(Xo,q,-i) = \q\ +4 and s = \q\ + 3. 



£0,9,-1 — 



-1 -1 





-1 \ 





( 1 






V 
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Therefore, we obtain da(^o, 9,-1) = ( — M + 7)/4 implying that £o,g,-i is n °t isotopic to 
771,1 as ^3(771,1) = (—\q\ + 3)/4. Hence, 6n(^ , ? ,-i) = 3 by Theorem [TTT1 

• If p = — l,q = 2, r = —1, we have ci (£-1,2.-1) = 1 implying that &ra(£-i.2,-i) = 3. To 
see this, note that Ci(£— 1,2,— 1) = PD~ 1 (fii) where /_ti is the meridian of the surgery 
curve corresponding Then using 

/-I 1 1 -1\ 

. -1-2 

z '- 1 - a »- 1 -1 0-1 

\ -1 0-1 / 

we get H X {M) = ( ^1,^2,^3, /m| £-1,2,-1 [tAl = Ml ) = ( M2I 3 M2 = ) = Z 3 , and 
/_ti = — 2/i2. Therefore, we compute 

ci (£-1,2,-1) = PD-\^) = PD-\-2^ 2 ) = -2 G Z 3 = 1 e Z3. 
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Figure 3 
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£(-5,2) 
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L(-3g-2,?+l) 


3 


Figure 3 


2 G Z-3,-2 
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2 G Z3 9+ 2 


3g 2 -3g-2 
12 9 +8 



Table 5. The case r = 2 (|p | < 2 or |g| < 2). 
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In Table [5] we need to compute the binding number bn(£) for the rows 1, 2, and 3. For 
the other rows, again see Remark 13. II 

For the first three rows in Tabled the contact structure £-i, g ,2 on L(\q — 2|, 1) and the 
link L_i. 9- 2 (<Z < — 1) are given in Figure [T31 We write the linking matrix £_i i9i 2 as 
the matrix on the left below. It is not hard to see that Cx(£-x,q,2) = 2 £ Zu_2|, and 
so &n(^_i jgj 2) = 3. As an illustration we will compute da(£— 1,9,2) (even though it is not 
necessary for the proof). The matrix on the right below is obtained by diagonalizing the 
first two rows of C-x.q.2- So we compute <r(£_i .^.2) = 2 + <j(A\) + c(-B|gi ) which is \q\ — 1 
if q < —3, and is equal to 2 if q = — 1, —2 (recall a(B n ) is n — 3 if n > 3, and if n = 1, 2). 



1,9,2 



-3 


-2 


-1 -1 


-1 


-1 . . 




-2 


-3 


-1 -1 


-1 


-1 • • 




-1 


-1 


Ax 





• • 




-1 


-1 





• • 




-1 


-1 











-1 


-1 







A \1\ 




-1 


-1 












J 



2 








• • 





1/2 








• • 








Ax 





• • 











• • 



































B\ q \ 


















FIGURE 13. (a) The contact structure £-1,9,2 on L(\q — 2\, 1) for q < -1, 
(b) The corresponding framed link L_i _ q ^- 
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By a standard calculation, the system 

£-i. 9 .2 [b] T - [rot{K x ) rot(K 2 )---rot{K kl+5 )} T = [1 1 0---0] T 

has the solution [b] = [^L ^ . . . for g < — 1, and so we 

compute 

c 2 = [b]C-r,M T =2\q\/(\q\+2). 

• If p = -1, q = -1, r = 2, then c 2 = 2/3, <t(X_i,_i i2 ) = 2, x(^-i -1,2) = 7, and s = 4. 
So we get d 3 (£-1,-1,2) = -5/6. 

• Up = -l,q=-2,r = 2, then c 2 = 1, a{X_ lt _ 2 , 2 ) = 2, x^-1,-2,2) = 8, and s = 5. 
Therefore, we get (^(£-1,-2,2) = —1/4- 

• Hp = -l,q < -3,r = 2, then c 2 = 2|« 7 |/(|« 7 | + 2), tr(*-i,,,a) - l<?l - 1, x(^-i,,,a) = 
|g| + 6, and s = |g| + 3. So we obtain 

-g 2 - 3g + 6 

dsce-1,,,2) - _ 4(?+8 ■ 

In Table [6l we need to compute the binding number 6n(£) for the rows 7, 9, 10, and 13. 
For the other rows, see Remark 13. II 

• If p = l,q < — 4, r — —2, the contact structure £1,5,-2 on L(\q + 2|, 1) and the link 

_2 are given in Figure [Ml 
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r 


P 


q 


resulting M 


&n(0 


diagram for £ 


ci(0 G if 2 (Ml 


4(0 


-2 


1 


q > 3 


£(« + 2,-l) 


3 


Figure 3 


2 G Z 9+2 


q 2 +q+2 
4 9 +8 


-2 


1 


2 


L(4,-l) 


3 


Figure 3 


G Z 4 


1/2 


-2 


1 


1 


L(3,-l) 


3 


Figure 3 


2 G Z 3 


1/3 


-2 


1 


-1 


S 3 


2 


(*) m = 1 


0G{0} 


1/2 


-2 


1 


-2 


S 1 x S 2 


3 


Figure 3 


2 G Z 


£ Q 


-2 


1 


-3 


S 3 


3 


Figure 3 


0G{0} 


-1/2 


-2 


1 


<? < -4 


i(|? + 2|,l) 


3 


Figure 3 


|?| -4 G Z M _ 2 


-q 2 -7q-14 
-4q-8 


-2 








S* 1 x S 2 #L(2,1) 


3 


Figure 3 


G Z ® Z 2 


3/4 


_2 


n 

yj 


I 


S 3 #L(2, 1) 


2 


(★) m = 2 


c 7/ „ 


1 /4 


-2 





-1 


S 3 #L(2,1) 


3 


Figure 3 


G Z 2 


5/4 


-2 





q>2 


L(g, -1)#L(2, 1) 


3 


Figure 3 


G 7L q © Z 2 


q/4 


-2 





q < -2 


L(M,1)#L(2,1) 


3 


Figure 3 


G Z M ©Z 2 


(-|«|+6)/4 


-2 


-1 


2 


L(4,l) 


3 


Figure 3 


G Z 4 


1/2 


-2 


-1 


-1 


£(-5,-2) 


3 


Figure 3 


2 G Z 5 


11/10 


-2 


-1 


?<-2 


L(3g-2,g-l) 


3 


Figure 3 


2 G Z 3 | 9 | +2 


-3g 2 -15q+10 
-12q+8 


-2 


-1 


g| >3 


L(3g-2,g-l) 


3 


Figure 3 


2 G Z 3g _ 2 


-3q 2 +3g-2 
-12q+8 



Table 6. The case r = -2 (\p \ < 2 or |g| < 2). 



We will first compute that Ci(£i j9j _ 2 ) = \q\ — 4 G Z| 9 |_ 2 (so 6n(£i i9i _ 2 ) = 3), and then 
(even though it is not necessary for the proof) we will evaluate d3(£i, q ,-2) as an another 
sample computation. Using C\. q .-2 (on the left below), we have 

Hl{M) = ( fJ,l,fJ,2,--- ,M| 9 |+3l £l,q-2[t4f q \ +3 = > 

= ( Mi, H - 3/ii - (|?| + 1)M3 = 0, -2/xi - |g|/u 3 = ) 
= ( M 3|(M-2)m3 = 0)^Z m _ 2 , 

and also we have \i\ = [12 = — M3- Therefore, we obtain 

ci(6, 9 ,-i) = PD- 1 ^! + M2) = P^- 1 (-2 A i 3 ) = —2 = |g| — 4 G Z M _ 2 . 

The matrix on the right below is obtained by diagonalizing the first two rows of £i i9i _ 2 . 
So we compute ct(jCi )9) _2) = + cr(C| 9 |) = |g| — 1 (recall a(C n ) = n — 1 if n > 2). 
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A,?,- 





-1 


-2 


1 

I— 1 


I— 1 




2 





. „ 







-2 


-1 




-1 


diagonalizc 





-1/2 


o • • 


• 


2 — 


-1 


-1 






> 


















A \i\ 










c \1\ 






-1 


-1 



















By a standard calculation, the system 

£i, g ,- 2 [b] T - [rotiKt) rot{K 2 ) ■ ■ ■ rot{K H+z )] T - [1 1 ■ • ■ 0] T 

has the solution [b] = [ nrz^ \q\-2 \q\-2 ' ' ' |g|-2 h ana ~ so we obtain 

C 2 = [b]A, g ,-2[b] T = -2|g|/(|g|-2). 

Moreover, x(Xi,q,-2) — \q\ + 4, and s = \q\ + 3. So we compute 



<fe (£1,9,-2) = 



-q 2 -7q-14 
-4q-8 



If p = 0,q = l,r = —2, then £0,1,-2 and Lq,i,-2 are given in Figure [T5l 





Figure 15. (a) The contact structure £ , 1,-2 on S 3 #L(2,1) « £(2,1), 
(b) The corresponding framed link Lo.i,-2- 
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One can get ci (£0,1,-2) = 0, so we need (^(£0, 1,-2)- The corresponding linking matrix is 



1 


-2 











2 


-1 


: ; - 





2 


i 


1 


-1 




V 








We diagonalize £0,1,-2, and obtain the matrix on the right. So a(Co,i,— 2) = 1- We find 
that the system £ ,i ,-2[b] T = [rot(iTi) rot(K 2 ) rot(K 3 )] T = [1 1 0] T has the solution 
[b] = [0 — 1], and so c 2 = 0. Also we have x(-^o,i,-2) = 4 and s = 3. So we get 
£^(£0,1,-2) = 1/4 = (^3(772) which implies that £0,1,-2 is isotopic to 7y 2 . Thus, &n(£o,i -2) 
2 by Theorem O 

• If p = 0, q = —l,r = —2, then the contact structure £0.1,-2 on L(2, 1) and the link 
Lo,-i.-2 describing A"o.-i,-2 are given in Figure [TBI It is easy to check ci(£o,-i.-2) = 0, 
so we compute (^3 (£0,-1,-2): 




Figure 16. (a) The contact structure £0,-1,-2 on S 3 #L(2, 1) « L(2, 1), 
(b) The corresponding framed link Lo,_i,-2- 



The corresponding linking matrix is 





-1 


-2 


-1 


-1 


-1 \ 




f 2 















-2 


-1 


-1 


-1 


-1 







-1 













-1 


-1 



















1 










-1 


-1 








-1 













-1/2 





V 


-1 


-1 





-1 






V 











2 / 
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We diagonalize £0,-1,-2, and obtain the matrix on the right. So <t(£o,— 1,-2) = 1< The 
system 

£o,-i,- 2 [b] T = [rotiKx) rot{K 2 ) rot(K 3 ) rot{K 4 ) rot{K b )] T = [1 1 0] T 

has the solution [b] = [0 — 1 0] which yields c 2 = 0. Also we have ^(-^0,-1,-2) = 4 
and s = 3. So we get ^3(^0,-1,-2) = 5/4 ^ 1/4 = ^3(772)- Therefore, £0,-1,-2 is not 
isotopic to 772, and so 6n(£o,-i,— 2) = 3 by Theorem 1 1.11 

• If p = —l,q = 2,r = —2, then the contact structure £-1,2,-2 on L(4, 1) and the link 
L_i,2,-2 describing X_i,2,-2 are given in Figure [T7l We compute that 01(^-1,2,-2) = 0, 
so we need to find ^3(^-1, 2, -2)- 




Figure 17. (a) The contact structure £-1,2.-2 on L(4, 1), 
(b) The corresponding framed link L_ 1,2,-2- 



The corresponding linking matrix is 



/ 


-1 


-2 


-1 


-1 


-1 \ 




( 2 











\ 




-2 


-1 


-1 


-1 


-1 







-1 













-1 


-1 


-2 
















-1 










-1 


-1 








-1 













1 





V 


-1 


-1 





-1 


J 




V 











2 / 



We diagonalize £-1^.-2, an d obtain the matrix on the right. So cr(£_i,2.-2) = 1- The 
system 

£-1,2,-2 [b] T = [rot{K x ) rot{K 2 ) rot{K 3 ) rot{K A ) rot(K 5 )f = [1 1 0] T 
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has the solution [b] = [1/2 1/2 — 1/2 — 1 — 1], so we compute c 2 = 1. Moreover, 
X(X_i A _ 3 ) = 6 and s = 4. Then we get ^(£-1,2,-2) = 1/2 + -1/4 = d 3 { m ). Therefore, 
£-1,2,-2 is n °t isotopic to 774, and so bn(£_i 2,— 2) = 3 by Theorem ll.il 



p 


q 


resulting M 


MO 


ci(()eH 2 (M) 


ds(0 


-1 





L(r,-1) 


3 


OeZ r 


(r + l)/4 


-1 


1 


S 3 


2 


Og{0} 


1/2 


-1 


2 


L(r-2,-l) 


3 


2 e z. r _ 2 


(r 2 -3r + 6)/(4r-8) 


-1 


3<-l 


L(gr — g — r, — g + 1) 


3 


r G Z|g| r _|q,|_|_ r 


q 2 r+Q^ 2 — — r 2 — q—r 
4qr—4q — 4:r 


-1 


3 > 3 


L(gr — g — r, — g + 1) 


3 


T £ 7Lq r — q — T 


q 2 r-\-qr 2 — q 2 — r 2 —Gqr-\-Bq-\-5r 
Aqr—Aq—Ar 








S 1 x S 2 #L(r,-l) 


3 


OeZ(BZ r 


(r - l)/4 





1 


5 3 #L(r,-l) 


2 


g Z r 


(-r + 3)/4 





q < -2 


L(|<f|,l)#L(r,-l) 


3 


g z k | eZ r 


(g + r + 2)/4 





9 > 2 


L(g,-l)#L(r,-l) 


3 


OeZ,®Z r 


(g + r-4)/4 


1 


-2 


£(r + 2,-l) 


3 


r 6 Z r+2 


(r 2 + r + 2)/(4r + 8) 


1 


1 


L(2r+l,-2) 


3 


r G Z 2r+ i 


(r 2 -2r- l)/(4r + 2) 


1 


<7 < -3 


L(gr + q + r, — q — 1) 


3 


r G Z| g | r+ | 9 |_ r 


q 2 r-\-qr 2 -\-q 2 +r 2 +4qr+3q+3r 
4qr+4g+4r 


1 


9 > 2 


L(gr + q + r, — g — 1) 


3 


r G Zg r _|_,j_|_ r 


g 2 r+g , r 2 +g ,2 +r 2 — 2qr — 3q — 3r 
4gr+4q-+4r 



Table 7. The case r > 2 (|p | < 2 or |g| < 2). 



In Table we do not need any computation to find bn(£): For any row, we can use 
Remark 13.11 For example, in the I s * row, we have an overtwisted contact structure on 
the lens space L(m, —1) for some m > 1. Therefore, the resulting contact manifold is not 
listed in Theorem II. 1[ and hence we must have bn(£) = 3. 

In Table [8l we need to compute the binding number bn(£) for the rows 1, 3, 7, and 10. 
For the other rows, see Remark |3. II 

• If p = 1, q = — 2, r < —2, £i,-2,r is an overtwisted contact structure on L(\r + 2|, 1). It is 
not hard to see that Ci(£x t —2,r) =26 Z| r |_ 2 . Therefore, we immediately get bn(£i >q ^2) = 
3 because Ci(r)i r+ 2\) = 0. 
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p 


q 


resulting M 




d(0 G ff 2 (M) 


ds(0 


1 


-2 


L(\r + 2\,1) 


3 


2 e z ]r |_ 2 


(r 2 + 7r+ 14)/(4r + 8) 


1 


-l 


S 3 


2 


0g{0} 


1/2 


1 





H\r\,l) 


2 


e Zj r | 


(-M + 3J/4 


1 


q < -3 


L(qr + q + r, — (7 — 1) 


3 


\t\ 7/a w \ 11 11 


q 2 r+qr 2 +q 2 +r 2 + Wqr+9q+9r 
iqr+iq+ir 


1 


a > 1 


L(gr + g + r, — g — 1) 


3 


Irl G Z 1 1 iu 

I'l " u -'q\r\—q+\r\ 


q 2 r+qr 2 +q 2 +r 2 +4qr+3q+3r 
Aqr+Aq+Ar 








S l xS 2 #L(\r\,l) 


3 


G Z©Z| r | 


(-|r| + 5)/4 





-1 


S 3 #L(\r\,l) 


3 


G Z| r | 


(-H+7J/4 





q < —2 


L(|g|,l)#L(|r|,l) 


3 


G Z| q | ®Zj r | 


(q + r + 8)/4 





q>2 


L(q,-l)#L(\r\,l) 


3 


g z 9 eZ| r | 


(q + r + 2)/4 


-1 


2 


L(|r-2|,1) 


3 


|r| G Z|. r | +2 


(-r 2 -3r + 6)/(-4r + 8) 


-1 


-1 


L(-2r + l,2) 


3 


k" s z 2 | r |+i 


(-r 2 -6r + 3)/(-4r + 2) 


-1 


q < -2 


L(qr-q-r, -g+1) 


3 


M S Z| g || r | + | 9 | + | r | 


g 2 r+gr 2 — q 2 — r 2 +6g"r — 7q— 7r 
4gr— 4q — 4r 


-1 


q > 3 


L(qr-q-r, -q + 1) 


3 


l r l e z 9 | r | +9 _| r | 


g 2 r+gr 2 — q 2 — r 2 — g— r 
4qr— 4q — 4r 



Table 8. The case r < -2 (|p | < 2 or |g| < 2). 



• If p = 1, q = 0, r < —2, the contact structure £1,0, r on L(|r|,l) and the link Li^r are 
given in Figure [151 It is easy to see that ci (£1,0,1-) = G Z| r |, so we need d3(£i,o,r): The 
corresponding linking matrix is on the left below. Diagonalize £i,o,r to get the matrix on 
the right. Therefore, cr(£i,o,r) = \r\ — 1. 





-2 


-2 . 




-2 


-r 




ri 













°1 


-2 


-1 


-2 . 




-2 


-1 







2 













-2 


-2 


-1 


-1 


-2 




diagonalizt 

► 








2 


2 







-2 


-2 




-2 


-1 


-1 












. 


1/2 





-1 


-1 






-1 




















-3 



The system 

£i,o,r[b] T = [rotiKt) rot(K 2 ) ■ ■ ■ rot{K H+1 )] T = [1 ■ • • 1 0] T 
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Figure 18. (a) The contact structure £i,o,r on L(|r|,l) for r < —2, 
(b) The corresponding framed link L^o,!-- 



has the solution [b] = [0 • • ■ — 1], and so we obtain c 2 = 0. Moreover, x(^i,o,r) = \r\ + 2, 
and s = \r\ + 1. So we compute d3(£i,o,r) = (H r l + 3)/4 = c?3 (?7|r*|) which implies that 
£i,o.r is isotopic to n r \ on £(|r|, 1). Thus, &7i(£i,o,r) = 2 by Theorem ll.il 

• If p = 0, g = — 1, r < —2, the contact structure £o,-i,r on -^(l r li 1) an d t ne un k ^o,— i,r are 
given in Figure [T91 Again we have ci(£o,-i,r) — G Zi r i, so we need to find <i3(£o,-i,r) : 
We diagonalize £o,-i,r an d get the matrix on the right below. So, we conclude that 
f(£o,-i,r) = |r| - 1. 



A), 



-l.r 



1 


-2 


-2 . 




-2 


-1 


-1 


-r 




fl 



















2 


-1 


-2 . 




-2 


-1 


-1 


-i 







2 
















2 


-2 


-1 




















2 


























diagonalize 






















-1 


-2 








> 








2 









2 


-2 




-2 


-1 


-1 


-1 


-i 












. 


1/2 








1 


-1 






-1 


























-3 





1 


-1 






-1 








-1 




















2 


1 


-1 






-1 





-1 


Oj 




o 



















The system 

£ ,-i,r[b] T = [rotiKi) rot(K 2 ) ■ ■ ■ rot(K {q{+3 )] T = [1 • • • 1 0] T 
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Figure 19. (a) The contact structure $0,-1, r oni(|r|, 1) forr < -2, 
(b) The corresponding framed link Lo,_i,t-. 



has the solution [b] = [0 • • • 10 0], so we get c 2 = 0. Also x(Xi,q-2) = \r\ + 4, and 
s = \r\ + 3. So we compute ^(£0,-1, r) = (— \r\ + 7)/4 ^ (— |r| + 3)/4 = d3(»7|r|) implying 
that £0,-1, r ¥ V\r\ on L(\r\, 1). Hence, &n(£o,-i.r) = 3 by Theorem ll.il 

• If p = —l,q = 2,r < —2, we have 6n(£-i,2,r) = 3 because ci(£_i,2,r) = M G Z| r | +2 . We 
compute ci (£-1,2,7-) as follows: We use the linking matrix £-i,2,r to get the representation 

H X (M) = (H!,fJ,2,--- ,M|r|+3l £-l,2,r>]£| +3 = [0]£| +3 ) 

= (/ii|(|r| + 2) M i = 0)^Z H+2 . 

Moreover, using the relations given by £_i,2, r we have /ii = /X2 • • • = MM (A*i' s are the 
meridians as before). Therefore, we obtain 

Cl(£-l,2,r) = P£> _1 (Ml + ' ' ■ + M|r|) = PD^flrl/ii) = |r| G Z| r | +2 . 

To finish the proof, in each table above we find each particular case for (p, q, r) such 
that the corresponding contact structure £p,g,r has binding number 2. Note that the 
conditions on p, q, r given in the statement of the theorem excludes exactly these cases. 
This completes the proof. □ 

4. Remarks on the remaining cases 

Assume that r = 0, ±1, \p | > 2, |g| > 2. We list all possible contact structures in Table [9] 
These are the only remaining cases from which we still get lens spaces or their connected 
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sums. Notice that we have already considered the cases (—2, q, 1), and (2, q, —1) in Tables 
[3]and|H so we do not list them here. 



r 


P 


9 


resulting M 


ci(0 e ff^(M) 







P > 2 


g > 2 


L(p,-l)#i(g,-l) 


OeZ p ®Z, 


(p + q - 4)/4 





P > 2 


g < -2 


L(p,-1)#L(M,1) 


e z p eZ| ? | 


(p + q + 2)/4 





P < -2 


g < -2 


J L(|p|,l)#i(|g|,l) 


e Zjp| © Zjg| 


(p + <7 + 8)/4 


1 


P > 2 


q > 2 


L(pq + P + q,-q- 1) 


— p G Zi pq+p+q 


p 2 q+pq 2 +p 2 +q 2 -2pq-3p— 3q 
Apq+ip+iq 


1 


P > 2 


q < -2 


L(pq + P + q,-q- 1) 


-p e Z p | 9 |_ p+ | 9 | 


—p 2 q+pq 2 +p 2 +q 2 +4pq+3p+3q 
ipq+ip+iq 


1 


p < -2 


q < -2 


L(pq + P + q,-q- 1) 


P € Z|p|| 9 | + |p| + |g| 


p 2 q+pq 2 +p 2 +q 2 + Wpq+9p+9q 
ipq+ip+Aq 


-1 


p > 2 


q>2 


L(pq-p-q, -q+1) 


P G ^Lpq—p—q 


P 2 q+pq 2 —P 2 —q 2 —6pq+5p+5q 
ipq — Ap—Aq 


-1 


p > 2 


q < -2 


L(pq-p-q,-q + l) 


—p G Zp|q|_)_j,_| g | 


P 2 q+pq 2 -p 2 -q 2 -p-q 

Apq—ip—Aq 


-1 


P < -2 


q< -2 


L(pq-p-q,-q + l) 


P G ^|p||«|+|p|+|g| 


p 2 q+pq 2 —p 2 —q 2 +6pq — 7p—7q 
4pq — 4p— 4q 



Table 9. The case r = 0, ±1, |p | > 2, \q\ > 2 (bn(£) = 3 in each row). 



As we remarked in Section Q] (after Theorem II. 3j) that one can obtain the complete list 
without any repetition: We first simply find all distinct homeomorphism types of the 
manifolds which we found in Table through Table [5] Then on a fixed homeomorphism 
type we compare the pairs (ci,ds) coming from the tables to distinguish the contact 
structures. 

Suppose now that M is a prime Seifert fibered manifold which is not a lens space. Then 
as we remarked before we have |p | > 2, \q\ > 2, and |r| > 2. Then two such triples 
(p, q, r), (p', q' , r') give the same Seifert manifold Y if and only if 

111111 

-+-+-=-+-+- 

p q r p' q' r 

and (p', q', r') is a permutation of (p, q, r) (see |JNj . for instance). Notice that we can drop 
the first condition in our case. Switching p and q does not change the contact manifold 
as we mentioned before. On the other hand, if we switch r and p (or r and q), we might 
have different contact structures on the same underlying topological manifold. 

Another issue is that there are some cases where the first homology group H\(Y(p, q, r)) 
is not finite. Indeed, consider the linking matrix C of the surgery diagram given on the 
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right in Figure [2] as below. 



£ = 



1 \ 





r 



implies that r 



pq 

p+q ' 



Thus, iff ^ --E2-, 



1 
1 

Vi 

The determinant det(£) = — r(p + q) — pq - 

then Hi(Y(p, q, r)) is finite, and so e?3(£p. g . r ) is still computable since Ci(£ p>qtr ) is torsion. 
For instance, if p > 2, q > 2, r > 2 or p < —2, g < —2, r < —2, than det(£) ^ 0, and so we 
can distinguish the corresponding £ p ,q,r by computing the pair (ci,da). Whereas if the 
sign of the one of p, q, r is different than the others', then we might have det(C) — 0. For 
instance, for the triples (4, 4, —2), (3, 6, —2) and each nonzero integer multiples of them, 
det(A) = 0. So more care is needed for these cases. 

We would like to end the article by a sample computation. Assume that det(C) ^ 0, and 
that r < 2,p > 2,q < 2 (similar calculations apply for the other cases). We compute the 
first homology ofM» Y(j>, q, r) as 

Hx{M) = (filter-- ,»p+q+\r\\ £p,q,r\p\p +q+ \ r \ = [°]J+<?+|r| ) 

= ( /ii, M|r|+ii I R%, R2, R3 } 

where the relations of the presentation are 

-(2|r[ — 1)a*i - (p-I)mmh 

PV\r\+l 

— kl Ml PM|r|+l 

While getting these relations, we also see that p\—pi--- p\ r \ (recall fa's are the meridians 
to the surgery curves in the family corresponding to r for i = 1, - ■ ■ ,\r\). Then using this 
presentation, and knowing that ci(£ pgr ) = PD~ 1 (\r\^Li), we can evaluate (understand) 
Ci(f M , r ) in H 2 (M) ^H X (M). 

Now if ci^p.q.r) £ H 2 (M) is a torsion class, then we can also compute da(£ PA>r ) as follows: 
By solving the corresponding linear system we get 

c 2 _ g|glM 

p\q\ +p\r\ - \q\\r\' 

Moreover, we compute a{X p , q , r ) = a(C p>q>r ) = — p+ \q\ + \r\,x(X p , q , r ) = p + \q\ + \r \ + 1, 
and s = \q\ + \r\ + 1. Hence, using Corollary |2.8l we obtain 



Ri 

R-2 

Rs 



\q\ + l)/x p+ | r | 

\Q\ Mp+|r| 



= 
= 
= 



Spqr + p 2 q + p 2 r + Apq 2 + 4gr 2 



9 9 

pr — q r 



pq — pr — qr 



Apq + Apr + 4qr 
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